We prove that there exists a supersingular nonsingular curve of genus 4 in arbitrary characteristic p. For p > 3 we shall prove that the desingularization of a certain fiber product over P 1 of two supersingular elliptic curves is supersingular.
Introduction
Let K be an algebraically closed field of positive characteristic. For a nonsingular algebraic curve C over K we call C supersingular (resp. superspecial) if its Jacobian J(C) is isogenous (resp. isomorphic) to a product of supersingular elliptic curves.
As to supersingular curves, the following is a basic problem (cf. [12, Question 2.2]).
For given g, does there exist a supersingular curve of genus g in any characteristic p?
For g ≤ 3, this problem was solved affirmatively. The case of g = 1, i.e., elliptic curves is due to Deuring [2] . As a proof for g = 2 with p > 3 and for g = 3 with p > 2, we refer to the stronger fact that there exists a maximal curve of genus g over F p 2e if g = 2 and p 2e = 4, 9 (cf. Serre [14, Théorème 3] ) and if g = 3, p ≥ 3 and e is odd (cf. Ibukiyama [7, Theorem 1] ), where we recall the general fact that any maximal curve over F p 2 is superspecial (and therefore supersingular). Also Ibukiyama, Katsura and Oort in [8, Proposition 3.1] proved the existence of superspecial curves of genus 2 for p > 3. Even in characteristic 3, there exists a supersingular curve of genus 2: for example y 2 = x 5 + 1 is supersingular (but is not superspecial), since its Cartier-Manin matrix is nilpotent, see (Eq. 7) and (Eq. 8) in Section 2 for the Cartier-Manin matrix and a criterion for the supersingularity. For the case of p = 2, we refer to the cerebrated paper [16] by van der Geer and van der Vlugt, where they proved that there exists a supersingular curve of an arbitrary genus in characteristic 2.
This paper focuses on the first open case, i.e., the case of g = 4 (cf. [12, Question 3.4] ). Let us recall some recent works, restricting ourselves to the case of g = 4. In [11] , Li, Montovan, Pries and Tang proved that if p ≡ 2 mod 3 or if p ≡ 2, 3, 4 mod 5, then there exists a supersingular curve of genus 4, in particular for p = 3. For odd p ≡ 2 mod 3, in [10] the first author showed that there exists a superspecial (and thus supersingular) nonsingular curve of genus 4. This paper aims to remove any condition on p for the existence of supersingular curves of genus 4. For this, we use curves introduced by Howe in [6] , where he studied a curve of genus 4 defined as the desingularization of the fiber product over P 1 of two elliptic curves. In this paper, we call such a curve a Howe curve, see Definition 2.1 for the precise definition of Howe curves. Our main theorem is: Theorem 1.1. For any p > 3, there exists a supersingular Howe curve of genus 4 in characteristic p.
The next corollary is deduced from Theorem 1.1 together with the existence results above by [16] for p = 2 and by [11] for g = 4 and p = 3. Corollary 1.2. There exists a supersingular nonsingular curve of genus 4 in arbitrary characteristic p > 0.
As any supersingular Howe curve has a-number ≥ 3 for odd p (cf. Section 2), Theorem 1.1 is a stronger assertion than the affirmative answer for p > 3 to the question by Pries [12, Question 3.6] , which predicts that there exists a nonsingular curve of genus 4 with p-rank 0 and a-number at least 2.
Let us describe an outline of the proof of Theorem 1.1, with an overview of this paper. In Section 2, we review the definition of Howe curves and their properties, and show that the existence of a supersingular Howe curve of genus 4 is equivalent to that of two supersingular elliptic curves E 1 : y 2 = f 1 and E 2 : y 2 = f 2 with coprime polynomials f 1 and f 2 of degree 3 such that the hyperelliptic curve C : y 2 = f := f 1 f 2 of genus 2 is also supersingular. For the supersingularity of C, we use the fact that any curve of genus 2 is supersingular if and only if M M σ = 0 holds for its Cartier-Manin matrix M , where σ denotes the Frobenius map. In Section 3, for the Legendre form y 2 = g := x(x− 1)(x− t), we prove two key propositions on certain coefficients in g (p−1)/2 by explicit computations. In Section 4, based on the two propositions, we investigate properties of entries of M M σ as polynomials, where we regard coefficients in f 1 and f 2 as variables. The properties show that we get a desired (f 1 , f 2 ) from a solution of a mutivariate system obtained by removing trivial factors from M M σ = 0. Finally, we show the existense of such a solution by proving an analogous result of the quasi-affineness of Ekedahl-Oort strata in the case of abelian varieties.
In future work, we shall enumerate the isomorphism classes of supersingular Howe curves, whereas the enumeration in the superspecial case has been done for relatively small characteristics by Senda [13] . It would be meaningful to try to apply our techniques of this paper to the case of genera higher than 4. Definition 2.1. A Howe curve is a curve which is isomorphic to the desingularization of the fiber product E 1 × P 1 E 2 of two double covers E i → P 1 ramified over S i , where S i consists of 4 points and |S 1 ∩ S 2 | = 1 holds. To achieve our goal, for p > 3 we realize a Howe curve in the following way. Let K be an algebraically closed field of characteristic p. Let
be two (nonsingular) elliptic curves, where A 1 , B 1 , A 2 , B 2 ∈ K. Let λ, µ, ν be elements of K and set
Consider two elliptic curves
with the double covers
We say that (λ, µ, ν) is of Howe type if (i) µ = 0 and ν = 0;
(ii) f 1 and f 2 are coprime.
If (λ, µ, ν) is of Howe type, then the desingularization of the fiber product E 1 × P 1 E 2 is a Howe curve, since E i → P 1 is ramified over the set consisting of 4 points, say S i , and S 1 ∩ S 2 = {(1 : 0)}. Suppose that (λ, µ, ν) is of Howe type. Put
and consider the hyperelliptic curve C of genus 2 defined by
It was proven by Howe [6, Theorem 2.1] that H is of genus 4 and there exist two isogenies
such that ϕ • ψ and ψ • ϕ are the multiplication by 2. Hence H is supersingular if and only if E 1 , E 2 and C is supersingular. Moreover, if p is odd, the a-number of H is equal to the sum of the a-numbers of E 1 , E 2 and J(C), whence any supersingular Howe curve is of a-number ≥ 3. Now we recall a criterion for the supersingularity of C. Let γ i be the
In Section 4, we shall use the fact that γ i and therefore a, b, c and d are homogeneous when we regard them as polynomials in λ, µ and ν. 
where
Proposition 2.2. Assume that E 1 and E 2 are supersingular. Then H is supersingular if and only
Proof. Since E 1 and E 2 are supersingular, H is supersingular if and only if C is supersingular. As explained above, C is supersingular if and only if (Eq. 8) holds. If ad − bc = 0, then we have
Thus the "if"-part is true. Suppose that (Eq. 8) holds. Then clearly we have det(M ) = ad − bc = 0, which implies
(Eq. 14)
Also by (Eq. 9) we have a p + c p−1 d = 0 unless a = c = 0 and
, by (Eq. 13) and (Eq. 14) we have
by (Eq. 13) and (Eq. 14) we have
Thus the desired assertion is true.
For later use, we review how the Cartier-Manin matrix is changed by a linear change of variables.
Lemma 2.3. Let X be a new variable and consider substituting uX + v for x, where u, v ∈ K with
Then we have
Proof. We have
by calculating, in characteristic p, the binomials
Two propositions on the Legendre form
We show two propositions (Propositions 3.1 and 3.3) on the Legendre form, which play important roles in the proof of the main theorem. Assume p ≥ 3. Let g(x) = x(x − 1)(x − t) and e = (p − 1)/2, where we regard t as an indeterminate. We define a polynomial H p (t) by
e . It follows from For our purpose, we need to study the
Proposition 3.1. We have the following:
(1) The polynomial δ p−2 (t) is given explicitly by
(4) The polynomials δ p−1 (t) and δ p−2 (t) have no common root.
Proof.
(1) It follows from the binomial theorem that
e i x i (−1)
(Eq. 18) which is equal to (Eq. 17) by replacing the index i by i + 1.
(2) The polynomial H p (t) is rearranged as follows: e + 1 i + 1
Multiplying by (−1) e t the both sides, we have
e + 1 i + 1
and differentiating the both sides of (Eq. 19) yields the following equality
the right hand side of which is equal to (e + 1)δ p−1 (t) + d dt δ p−2 (t) by (Eq. 16). Here we have
and by multiplying by 2, we get
whose right hand side is equal to 2t for 1 ≤ i ≤ e, it follows from (Eq. 17) that
where we factor out t from the first summation of (Eq. 20), namely
We have
Multiplying by e + 1 the both sides gives (e + 1)(−1) e δ p−2 (t) = (e + 1) tH p (t) − t e+1 − (e + 1)
Changing the start of the summation in (Eq. 21) from i = 1 to i = 0, we have (e + 1) 
In the following, we calculate each of the three summations in (Eq. 23). By (Eq. 16), the first term of (Eq.
and the third one is e i=0 e i + 1
Using the equality in the statement (2), we have that the second term of (Eq. 23) is 
It follows from (Eq. 24)-(Eq. 26) that (Eq. 23) is equal to
and thus − e i=0 e+1 i+1
(4) By the equality in the third statement, if δ p−1 (α) = δ p−2 (α) = 0 for some α ∈ F p {0, 1}, then one has d dt δ p−1 (α) = 0. Since δ p−1 (t) = (−1) e H p (t) by (Eq. 16), we have H p (α) = d dt H p (α) = 0, which means that α is a double root of H p (t). This contradicts the fact shown by Igusa [9] that all roots of H p (t) are simple (cf. [15, Chap. V, Theorem 4.1 (c)]).
Before we state the second proposition (Proposition 3.3), we review, for the reader's convenience, elementary congruence relations, which is used in the proof of the second proposition.
Lemma 3.2. We have
where we used Wilson's theorem (p − 1)! ≡ −1 (mod p).
Proposition 3.3. Let H p (t) be the polynomial defined by (Eq. 15). Let a i ∈ F p (i = 1, . . . , e) be the roots of H p (t) = 0, i.e., H p (t) = e i=1 (t − a i ). Then we have
where (g(x) e ) (e) denotes the e-th derivative of g(x) e with respect to x.
Proof. It follows from (Eq. 18) that (Eq. 27)
t(x − 1)
whose right hand side is equal to (x − t) e e Proof. First we show (1) and (2). Similarly to the proof of Lemma 2.3, we have
, and in particular ǫ ′ p−1 and ǫ ′ p−2 are
from which (1) and (2) follows. Next, we show (3). Assume ǫ p−1 = 0. Since y 2 = g 0 (x) is isormorphic to a Legendre elliptic curve, there exist elements r ′ = 0, u ′ = 0 and v ′ in K such that g 0 (x) = r ′ g(X) with X := u ′ x + v ′ , where g(X) = X(X − 1)(X − t) for some t ∈ K {0, 1}. By (1) and our assumption ǫ p−1 = 0, the X p−1 -coefficient of g(X) (p−1)/2 is zero, and thus the X p−2 -coefficient of g(X) (p−1)/2 is not zero by Proposition 3.1 (4). It follows from (2) that ǫ p−2 = 0, and we also have ǫ ′ p−2 = 0.
Proof of the main theorem
Assume p > 3. Let K be an algebraically closed field of characteristic p. We use the same notation as in Section 2, i.e., 
we can write
and thus
Moreover, we denote by
is homogeneous of degree 3e as a polynomial in K[x, ν]. We also have
Lemma 4.1. The coefficient β 0 (resp. β 1 ) is a homogeneous polynomial in K[λ, ν] of degree 3e (resp. 3e − 1) with e = (p − 1)/2, and its highest term in λ is (−1) 3e λ 3e (resp. (3e − 1)(−1) 3e−1 λ 3e−1 ).
Proof. It follows from (Eq. 31) and (Eq. 32) that
which shows that β 0 is homogeneous of degree 3e, and that its highest term in λ is (−1) 3e λ 3e . We also have
which is homogeneous of degree 3e − 1 if it is not zero. It follows from β ′ 3(p−1)/2 = 1 that the highest term of β 1 in λ is (p−1)−1 , which is not zero since p > 3.
Lemma 4.2. The coefficient β e (resp. β e+1 ) with e = (p − 1)/2 is a homogeneous polynomial in K[λ, ν] of degree 2e (resp. 2e − 1). The highest terms of β e and β e+1 in λ are
respectively.
Proof. It follows from (Eq. 32) that
which is homogeneous of degree 2e in K[λ, ν] since each β ′ n is homogeneous of degree 3e − n in K[ν]. Recall that E 2 is supersingular, and thus β ′ p−1 = 0 and β ′ p−2 = 0 by Lemma 3.4. Hence the highest term of β e with respect to λ is
and it is not zero.
We also have
which is homogeneous of degree 2e − 1 if it is not zero. Since β ′ p−2 = 0, the highest term of β e+1 with respect to λ is
which is not zero.
Lemma 4.3. We have the following:
ad−bc
(1) We claim that there existsα k ∈ K such that α k = µ 3e−kα k for each 0 ≤ k ≤ 3(p−1)/2. Indeed, we have
with e = (p − 1)/2, and thus α k is divided by µ 3e−k . Puttingα k := α k /(µ 3e−k ), we also havẽ (2) Similarly to the proof of (1), one has
Since we haveα p−2 = 0, and β 0 = 0 by Lemma 4.1, we also haveα 3e−j β j−e−1 =α p−2 β 0 = 0 for j = (p + 1)/2, and thus ord µ (c) = (p + 1)/2.
(3) Similarly to the proof of (1), remaining two entries of the Cartier-Manin matrix M are written as
both of which are not divided by µ since α 3e = 1 and since β e , β e+1 = 0 by Lemma 4.2. Thus, if the coefficient of µ (p+1)/2 in ad − bc is not zero, then we have ord µ (ad − bc) = (p + 1)/2. By straightforward computation, the coefficients of µ (p+1)/2 in ad and bc areα p−2 β 1α3e β e and α p−2 β 0α3e β e+1 , respectively. Here we havẽ andα p−2 andα 3e are non-zero constant as polynomials in λ, it suffices to see that β 0 and β e are coprime as polynomials in λ. As
and F 2 is a separable polynomial, β 0 and β e are coprime.
andα 3e is a non-zero constant, it suffices to see that β e and β e+1 are coprime. As
it suffices to show that (F e 2 ) (e) (−λ) is a separable polynomial. A linear coordinate change makes F 2 a Legendre form g(x) = x(x − 1)(x − a 1 ), where a 1 is a solution of H p (t) = 0 as y 2 = F 2 is a supersingular elliptic curve. Let H p (t) = e i=1 (t − a i ) be a factorization of H p (t). By Proposition 3.3, up to multiplication by a non-zero constant, (g(x) e ) (e) is factored as This and Lemma 4.5 imply that 1 ≡ 0 (mod µ), whence µ is unit in S/J. Thus we have shown that ν = 0 implies µ = 0 for any point (λ : µ : ν) on V (h 0 , h 1 , h 2 ). A similar argument shows that µ = 0 implies that ν = 0. Hence we conclude that both of µ and ν are not zero. It remains to show that f 1 and f 2 defined in (Eq. 3) and (Eq. 4) are coprime. As µ and ν are not zero, f 1 and f 2 are separated polynomials. Suppose that f 1 and f 2 were not coprime. After taking a linear coordinate change, they are written as f 1 = x(x − 1)(x − t 1 ) and f 2 = x(x − t 2 )(x − t 3 ). Then (f 1 f 2 ) e = x p−1 {(x − 1)(x − t 1 )(x − t 2 )(x − t 3 )} e .
Then M = a b c d becomes a upper triangular matrix (i.e., c = 0) with a = (t 1 t 2 t 3 ) e . Since f 1 and f 2 are separated, we have t i = 0 for i = 1, 2, 3 and therefore h 2 = 0. This is a contradiction.
Finally we show that V (h 0 , h 1 , h 2 ) is not empty. The fact is reminiscent of the quasi-affineness (cf. [17, (6.5) . Theorem]) of Ekedahl-Oort strata in the case of the moduli space of principally polarized abelian varieties. , which is well-defined by (Eq. 13) and (Eq. 14). Moreover the image of ϕ consists of infinitely many points from the following two facts. Firstly X is connected since it is a hypersurface in P 2 . Secondly (1 : 1) (resp. (1 : 0)) is an image of ϕ since there exists (λ : µ : ν) ∈ P 2 such that h 0 = 0 and a = 0 (resp. h 0 = 0 and d = 0), by [5, Chap.1, Theorem 7.2]. The existence of such a morphism as ϕ implies that X is not projective. This is a contradiction.
